Abstract. In the Euclidean plane, decompose a convex body T into n > 2 convex bodies 
Introduction
In the Euclidean plane, decompose a convex body T into n > 2 convex bodies T1, ... , Tn with areas denoted also by T1, ... , T" and with perimeters L 1, ... , L,, . We are interested in the isoperimetric quotients of these quantities. Recall that the perimeter of a regular (6) Thus, both isoperimetric quotients are greater than the corresponding isoperimetric quotient of a regular hexagon if the areas T1 , ... , T" are not too different.
p-gon of area 1 is h(p) = 2, p tan(n/p), and define g(p) := 4p tan(n/p) = h 2 (p)
Note that the bounds given in (1.1) and (1.3) are best possible, since each T for sufficiently large n admits a decomposition into n convex bodies such that the isoperimetric quotients in (1.1) and (1.3) are arbitrarily close to the given bounds.
However, for small n better bounds exist. For each given n, let Q (n) and Q(n) be the minimum of the isoperimetric quotients in (1.1) and (1.3), respectively, for all convex T and all decompositions into n convex bodies. Then our proofs of Theorems I and 2 also yield Until now Theorems 1 and 2 as well as related results were only known to be true for convex polygons T with at most six sides. G. Fejes Toth [2] and also L. Fejes Toth [4] proved (1.1) under the same condition as (1.2) in the particular case that T is a convex polygon with at most six sides. A condition of type (1.2) is necessary, since an example is given in [5] where min Ti /max T < ho, and (1.1) is not valid. However, the question whether ho can be replaced by a smaller constant is open.
If min T /max T > q for some q with 0 <q < ho, a lower bound I (q) <2./i for the isoperimetric quotient in (1.1) is given in [7] if T is a convex polygon with at most six sides.
As to ( < 4 12 for the isoperimetric quotient in (1.3) is given in [6] if T is a convex polygon with at most six sides.
The improvement obtained by dealing with general convex bodies T instead of only convex polygons with at most six sides is illustrated by the following.
For each given n, let Q6(n) and Q6(n) be the minimum of the isoperimetric quotients in (1.1) and (1.3), respectively, if for T only convex polygons with at most six sides are admitted. While Theorem 1 together with the above reasoning shows that Q(n) and Q6(n) are asymptotically the same, they differ considerably for small n. For example, Fig. 1 shows two decompositions constructed by means of circles, whose isoperimetric quotients are easily calculated and yield upper bounds for Q (2) and Q (3), namely, Q(2) <_ 3.7793... and Q(3) < 3.7725.
• .. On the other hand, it is easily seen (though not trivial) that the rough lower bounds h(5) = 3.8119... < Q 6 (2) and h(5) = 3.8119•. < Q6(3) hold. Analogously we obtain Q(2) <_ 14.2831... and Q(3) < 14.2579. • • , and on the other hand g(5) = 14.5308... <_ Q 6 (2) and g(5) = 14.5308. < Q6(3). Thus, for small n, general convex bodies allow much smaller isoperimetric quotients than hexagons, and so the bounds in Theorems I and 2 are much sharper for general convex bodies than they are for hexagons.
Collecting the upper bounds given above and the lower bounds of Theorem 3, we obtain We prove Theorems I and 3(i) in Sections 2-7. Using the same techniques, we prove Theorems 2 and 3(ii) in Section 8.
Basic Considerations
Without loss of generality we may assume that T is smooth, strictly convex, and that the vertices of the decomposition of T are all 3-valent. The number of such vertices is 2n -2 by Euler's theorem.
If a domain T, (1 < i < n) contains boundary points of T, then T, is an exterior domain; otherwise, T, is an interior domain. Let e be the number of exterior domains. Each exterior domain having at least two vertices on the boundary of T, the number of vertices on the boundary of T is e + 6 for some integer E > 0. Let 
which is a linear function of t, and can be extended to t = 0. Thus, in a (p, y, z)-coordinate system of 1R3 , the function z = H (p, y) describes a cone with apex (0, 0, 2.,/) and with straight line segments lying in the planes y/p = constant. This implies, for the partial derivatives,
H(tp, t7r) = Hp (p, n) and H(tp, tjr) = Hy (p, sr). (3.2)
Intersecting the cone z = H(p, y) with the plane y = .n, we obtain in this plane the curve z = H(p, 7r) = h(p) (see Section 1) . As was shown in [3] , this is a convex function for p > 2. So H(p, y) is a convex function.
Calculating the partial derivatives of H(p, y), we easily see that

Hp (p, y) < 0 and Hy
Note that
Moreover, the definition of ho in (1.2) is such that
Using the Convexity of H (p, y)
Next, we estimate the left side of (2. 
(c) For the summands in (2.5) with y; = iv, we have yi) -c] > (up" + vp" -5(u + v) + 6)ho[H(5, it) -c]. (4.1)
Moreover, 2) and u + v is the number of exterior domains of our decomposition.
Proof. Because of (2.6), for each summand of (2.5) we have where E p, refers to the points (pi, n) occurring in (c).
In order to show (c), note that summands with (p,, it) = (6, it) are zero. So omit the points (6, it) and accordingly change n; thereby condition (4.3) continues to hold.
Note that (3.3) , (3.4 
), and the convexity of H(p, y) imply [H(4, n)-c] = [H(4, n)-H(5, it)] + [ H(5, it) -c] > 2[H(5, it) -c], and, in general,
[H(pi, n) -c] > (6 -pi)[H(5, n) -c] for p< < 4.
Analogously, we have [H(P,, it) -c] > (p, -6)[H(7, n) -c]
for p; > 8. (4.5) We substitute each point (p; , it) with p; _< 4 by (6 -pi) points (5, 7r) , and we substitute each point (n;, it) with p, > 8 by (p; -6) points (7, it) . Then (4.3) continues to hold if n is accordingly changed.
Thus, we now deal with a certain number a > 0 of points (5, n) and a certain number b > 0 of points (7, iv) , and (4.3) now reads up"
Moreover, by (4.4) and (4.5) , for the summands in (2.5) with y, _ it we have
by (3.5 
Proof of Theorem 1 in the Case of at Least Four Exterior Domains
Assume that, in the decomposition of T, at least four exterior domains occur. By Lemma 4.1, in order to show (2.5) in this case, it is enough to show 
Proof of Theorem 1 in the Case of Three Exterior and at Least One Interior Domains
We also use (2.5) and Lemma 4.1, but we involve some specific information about pu and p,,, and some specific information about the interior domains. Label the domains of the decomposition of T in such a way that Ti , T2, T3 are the three exterior domains, with vertex numbers P1, p2, p3, respectively. We assume that at least one interior domain occurs. Then, using the convexity of the domains, it is easily seen that Pi. P2 , P3 > 4, and that p' + P2 + p3 = 12 or p1 + P2 + p3 > 14, see Fig. 3 .
Considering the interior domains more closely, we first tighten the estimations in Section 2 leading to (2.5). Since precisely three exterior domains exist, precisely three vertices of the decomposition lie in two exterior and one interior domains (see Fig. 3 ). The respective angles of the interior domains have a sum of at most r, so at least one such angle is not greater than jr/3. Thus an interior domain exists, say T4, with an exterior angle, say /, such that ' 6 > 27r/3. We use this to tighten (2.3) for i = 4. P1+P2+P3 = 12 p1+p2+p3 = 14 Then the sum of the last two terms of (6.5) is is also covered by putting k = 0. Moreover, (6.6) yields y" It remains to prove Theorem 1 in the case of two and three domains. Simultaneously we prove Theorem 3(i), that is, letting Q(n) for each given n be the minimum of the isoperimetric quotients in (1.1), we have to show Q(2) > 3.7614 and Q(3) > 3.7616. Using the convexity of the domains, it is easily seen that precisely the topological types of Fig. 4 occur. Clearly, it is enough to prove (2.5) for n = 2, 3 and with c now being defined as c := 3.7614 for n = 2 and c := 3.7616 for n = 3. Note that y, < nr for 1 < i < n. Since Note that pu is the mean vertex number of some u domains, and p" is the mean vertex number of the remaining v domains. One proves (7.1) for each type of Fig. 4 separately; as an example, we describe the procedure for the last type. Consider all pairs of integers u > 0, v > 0 with u + v = 3. If u = 0, then p" = 3 is the mean vertex number of all the domains, and (7.2) yields y" = 27r/3, so (7.1) is checked immediately. The case v = 0 is handled in the same way.
In each of the other two cases, u = 1, v = 2 (resp. u = 2, v = 1), there are two essentially different possibilities of choosing u domains, and p u is their mean vertex number, while p" is the mean vertex number of the remaining v domains. For each of these four quadruplets (u, v, p,,, p") , the left side of (7.1) is a function of yu because of (7.2), namely, In the case where v = 0, we obtain in the same way F(u, pu ) > uO.341 -0.682, which is, in fact, positive for u > 4.
Next, we prove Theorem 2 in the case of three exterior and at least one interior domains. We proceed as in Section 6, and first tighten the estimations leading to (8.2). It follows from (6.3) that L 4 > 4 (tan 3 + (P4 -1) 3(P4-l) )
T4
The difference between this estimation and that of (8. Finally, the same procedure as in Section 7 proves Theorem 3(ii) and so also Theorem 2 in the case of two and three domains.
